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Abstract

In the present paper, we prove that the outer automorphism groups of
nonabelian [topologically finitely generated] free profinite groups satisfy
strong indecomposability [i.e., the property that every open subgroup has
no nontrivial direct product decomposition].
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One of the most fundamental objects in the category of infinite nonabelian
profinite groups is a free profinite group

F

of rank r > 2. With regard to the noncommutativity of F,., the following fact
is well-known [cf. [1], Proposition 8]:

Fact 1: The center of F;. is trivial.

Here, we note that the “discrete analogue” of Fact 1 — i.e., the center-freeness
of free [discrete] groups of rank r — is relatively easy to prove by using explicit
descriptions of elements as “words”. On the other hand, since we do not have
such nice descriptions of [general] elements € F,., one cannot apply any similar
argument to the argument [using the notion of “words”] applied in the proof of
the discrete analogue of Fact 1 to prove Fact 1. [In fact, in the proof of of [1],
Proposition 8, cohomology theory of free pro-p groups is applied.] This situation
suggests that,

in general, the study of free profinite groups is much more difficult
than the study of free [discrete] groups.

In the present paper, we study the group structure of the outer [continuous|
automorphism group
Out(F),

which is much more complicated than F,.. [We recall that Out(F,) admits a
natural structure of profinite group — cf. [14], Corollary 4.4.4.] Here, we note
that although F. is topologically finitely generated, Out(F}.) is not topologically
finitely generated [cf. [14], Theorem 4.4.9] — this fact lies in stark contrast to
the fact that the outer automorphism group of a free [discrete] group of rank
r is finitely generated [cf. [7], §3.5, Theorem N1]|. One of the most interesting
aspects of the present paper is that,

in our study of Out(F,.), we apply results in anabelian geometry for
hyperbolic curves over number fields/finite fields.

In fact, by applying a result in anabelian geometry for hyperbolic curves over
finitely generated fields of characteristic 0, the following fact — which concerns
the noncommutativity of Out(F,) — has been proved by Tamagawa [cf. [16],
Theorem 7.4]:

Fact 2: The center of Out(F}.) is trivial.

In the following, let Q be an algebraic closure of the field of rational numbers

Q; K C Q a number field; Z a hyperbolic curve of genus 0 over K. Write Primes

for the set of prime numbers; G def Gal(Q/K); Zg &f 7 x i Q; Iz, for the

the étale fundamental group of Zg [relative to a suitable choice of basepoint].



[Here, we recall that IT Zg is a nonabelian free profinite group!] For any nonempty
subset X C Primes, write

p% : G — Out(Il3 )

for the natural pro-X outer Galois representation [cf. Definition 2.1] — where
we write (—)* for the maximal pro-X quotient of (—). We are now ready to
state our main results [cf. Theorem 3.2; Corollary 3.5], which also concern the
noncommutativity of Out(F;):

Theorem A. Let ¥ C PBrimes be a subset such that either 15 = 1 or §(Primes \
X)) is finite [where we write {0 for the cardinality of OJ;

G C Out(11})
a closed subgroup such that

e G contains an open subgroup of p3(Gk);

e there exists a prime number | € X such that the image of G via the natural
surjection [cf. [14], Proposition 4.5.4, (b)]

61 : Out(IT3) — out(n{zg)

is slim — i.e., the center of every open subgroup of ¢;(G) is trivial.

Then G is strongly indecomposable — i.e., every open subgroup of G has no
nontrivial direct product decomposition.

Corollary B. Let m > 2 be an integer; X C Primes a subset such that either
13 = 1 or §(Primes \ ) is finite. Then Aut(FZ) and Out(FZ) are strongly
indecomposable.

We note that for arbitrary nonempty subset ¥ C Primes, F> itself is strongly
indecomposable [cf. [12], Proposition 3.2]. It is not clear to the authors at the
time of writing whether or not the assumption on the cardinality of the subset
3} C Primes in Theorem A and Corollary B can be dropped.

Finally, we remark that [in light of a well-known injectivity result of Belyi
— cf. [5], Theorem C — together with Remark 3.1.1], as other immediate
applications of Theorem A [in the case where one takes “X” (respectively, “Z”)
to be Primes (respectively, the projective line minus {0,1,00} over K)], one
obtains the following assertions:

(i) The [profinite] Grothendieck-Teichmiller group GT [cf. [3]; [11], Remark
1.11.1] is strongly indecomposable.

(ii) The absolute Galois groups of number fields are strongly indecomposable.

Assertion (i) gives an affirmative answer to an open problem posed in a first
author’s previous work [cf. [8]]. Assertion (ii) is a special case of the fact that
the absolute Galois groups of Hilbertian fields are strongly indecomposable —
which follows immediately from a theorem of Haran-Jarden [cf. [4], Corollary
2.5].



Notations and conventions

Numbers: The notation Brimes will be used to denote the set of all prime
numbers. The notation Q will be used to denote the field of rational numbers.
The notation Z will be used to denote the ring of integers. The notation Z will
be used to denote the profinite completion of the underlying additive group of
Z. The notation Z>; will be used to denote the set of positive integers. We
shall refer to a finite extension field of Q as a number field. If p is a prime
number, then the notation Z, will be used to denote the ring of p-adic integers;
the notation IF), will be used to denote the finite field of cardinality p.

Let ¥ C Brimes be a nonempty subset. Then we shall say that an integer
n € Z>1 is a X-integer if either n = 1 or every prime factor of n is contained in
3.

Sets: Let S be a set. Then we shall write £S5 for the cardinality of S; Sym(S)
def

for the group of automorphisms of S; &3 = Sym({1,2,3}).
Rings: Let A be a commutative ring. Then we shall write char(A) for the

characteristic of A; A* for the group of units of A. Let F be a perfect field; F

an algebraic closure of F. Then we shall write Gp o Gal(F/F).

Schemes: Let S be a scheme. Then we shall write Aut(S) for the group of
automorphisms of S. Let K be a field; K C L a field extension; S a scheme over

K. Then we shall write Sy, def g x L; Autg (S) for the group of automorphisms
of S over K; P for the projective line over K.

Profinite groups: Let ¥ C Primes be a nonempty subset; G a profinite
group. Then we shall write G* for the maximal pro-X quotient of G; G2 for
the abelianization of G [i.e., the quotient of G by the closure of the commutator
subgroup of G]; Aut(G) for the group of automorphisms of G [in the category

of profinite groups|; Inn(G) C Aut(G) for the group of inner automorphisms of

G; Out(G) def Aut(G)/Inn(G). If p is a prime number, then we shall also write

ar & qle, ) & GPrimes\{p}

Suppose that G is topologically finitely generated. Then G admits a basis
of characteristic open subgroups [cf. [14], Proposition 2.5.1, (b)], which thus in-
duces a profinite topology on the groups Aut(G) and Out(G). Let H C G be a
closed subgroup. Write Aut” (G) C Aut(G) for the subgroup of Aut(G) consist-
ing of elements that induce automorphisms of H; Inn"(G) C Aut” (G) for the
image of H via the natural surjection G — Inn(G). Let J be a profinite group.
Then we shall refer to a continuous homomorphism J — Aut” (G)/Inn” (G) as
an H-outer action of J on G.

Fundamental groups: Let S be a connected locally Noetherian scheme. Then
we shall write IIg for the étale fundamental group of S, relative to a suitable
choice of basepoint. [Note that, for any perfect field F', Tlgpec(ry = GF .|



1 Preliminaries

In the present section, we recall some basic notions concerning profinite
groups and hyperbolic curves and prove certain auxiliary results [cf. Lemmas
1.3, 1.7] which will be applied in §3.

First, we recall basic notions concerning profinite groups.
Definition 1.1 ([12], Notations and Conventions; [12], Definition 3.1) Let G be
a profinite group; H C G a closed subgroup of G.
(i) We shall write Zg(H) for the centralizer of H in G, i.e., the closed sub-

group {g € G | ghg™! = h for any h € H}; Z(G) et Za(G).

(ii) We shall say that G is slim if Zg(U) = {1} for every open subgroup U of
G |[or, equivalently, Z(U) = {1} for every open subgroup U of GI.

(iii) We shall say that G is decomposable if there exist nontrivial normal closed
subgroups H; C G and Hy C G such that G = H; x Hy. We shall say
that G is indecomposable if G is not decomposable. We shall say that G is
strongly indecomposable if every open subgroup of G is indecomposable.

Remark 1.1.1 Let G be a slim profinite group. Then the following facts are
well-known [cf. [12], §0; [8], Lemma 1.6]:

(i) Every finite normal [closed] subgroup of G is trivial.

(ii) Let H C G be an open subgroup; a € Aut(G) an element. Suppose
that « induces the identity automorphism on H. Then « is the identity
automorphism [on GJ.

Next, we prove a certain group-theoretic lemma which will be applied in §3.

Lemma 1.2. Let G be a profinite group; {G;}icr a directed subset of the set of
characteristic open subgroups of G — where j > i < G; C G; — such that

() Gi={1}.
iel
Write ¢; : Out(G) — Out(G/G;) for the natural homomorphism. Then
M Ker(é) = {1},
iel

Proof. Let o € (,c; Ker(¢;) (C Out(G)) be an element; & € Aut(G) a lifting
of o € Out(G). For each i € I, write 6; € Aut(G/G;) for the automorphism
induced by . Then since o € Ker(¢;), it holds that &; is an inner automorphism.



Let 7; € G/G; be an element which determines the inner automorphism &;.
Write

C; Yy 2(G)Gy) € GG
Here, we note that, if i; > is (i1,i2 € I), then the natural surjection G/G;, —
G/G;, induces a map C;; — C;,. Observe that since C; (i € I) is a finite
nonempty set, the inverse limit @ie s C; is nonempty. Let

el el

[cf. [14], Corollary 1.1.6] be an element. Then it follows immediately from the
various definitions involved that ¢ is an inner automorphism determined by ~.
This completes the proof of Lemma 1.2. O

Lemma 1.3. Let G be a topologically finitely generated profinite group; S C
Primes a finite subset. Then the natural homomorphism

out(G) — J[ Out(¢®)

pEPrimes\S
1S injective.

Proof. Since G is topologically finitely generated, there exists a directed subset
{Gi}ier of the set of characteristic open subgroups of G — where j > i <
G; C G; — such that

N G ={1}

iel
[cf. [14], Proposition 2.5.1, (b)]. Fix such a family. For each i € I, let p; €
Primes \ S be such that p; does not divide the order of the finite group G/G;.
Then the natural surjection G — G/G; factors through the natural surjection
G — G®)". Thus, Lemma 1.3 follows immediately from Lemma 1.2. O

Next, we recall basic notions concerning hyperbolic curves.

Definition 1.4 Let k be a field; k an algebraic closure of k; X a smooth curve
[i.e., a one-dimensional, smooth, separated, of finite type, and geometrically
connected scheme] over k. Write X7 for the smooth compactification of Xz
over k. Then we shall say that X is a smooth curve of type (g,r) over k if the
genus of X3 is g, and the cardinality of the underlying set — we shall refer to
as a cusp of X3 any element of this set — of X+ \ Xz is 7. If X is a smooth
curve of type (g,7) over k, and 2g — 2 + r > 0, then we shall say that X is a
hyperbolic curve over k.



Definition 1.5 Let k& be an algebraically closed field; Z a hyperbolic curve over
k; @ a profinite group; ¢ : [Tz — @ an epimorphism [in the category of profinite
groups].

(i) Write Z for the smooth compactification of Z over k; K for the function
field of Z; K for the maximal Galois extension of K, in a fixed separable
closure K*®, unramified over Z; Z for the normalization of Zin K ; S for
the inverse image of S d%f Z\ Z in Z. [Note that we have a natural action

of II; = Gal(K/K) on Z.] Then for each point z € S, we shall refer to as
a cuspidal inertia subgroup of Ilz associated to z the stabilizer subgroup
C IIz of a point € S lying over z; we shall refer to as a cuspidal inertia
subgroup of @ associated to z the image of a cuspidal inertia subgroup of
IIz associated to z via q.

(ii) Then we shall write

Out®(Q) C Out(Q) (respectively, Outlc‘(Q) C Out(Q))

for the subgroup of outer automorphisms of ) that induce automorphisms
(respectively, the identity automorphism) on the set of the conjugacy
classes of cuspidal inertia subgroups of Q.

We conclude the present section with a useful lemma [which follows from
a similar argument to the argument applied in the proof of [17], Lemma 1.2]
concerning outer actions on certain quotients of II.

Definition 1.6 Let G be a profinite group; II a topologically finitely generated
profinite group such that Z(II) = {1}; G — Out(Il) a continuous homomor-

phism. Then we shall write
out

IIxG
for the profinite group obtained by pulling-back the continuous homomorphism
G — Out(II) via the natural surjection Aut(IT) — Out(II).

Lemma 1.7. In the notation of Definition 1.5, suppose that Q is topologically
finitely generated and slim. Let J C OutC(Q) be a closed subgroup; V C Q an
open subgroup. [In particular, g=1(V) C Iz may be naturally identified with the
étale fundamental group of a hyperbolic curve over k.| Write ¢y : Aut(V) —»
Out(V), ¢g : Aut(Q) — Out(Q) for the natural surjections. Then for any
sufficiently small open subgroup M C J, there exist an outer action of M on'V

L . out out
and an open injection V. x M — Q x J such that

(a) the outer action of M preserves and induces automorphisms on the set of
the conjugacy classes of cuspidal inertia subgroups of V;



(b) the outer action of M on V extends uniquely [cf. the slimness of Q] to a
V-outer action on Q that is compatible with the outer action of J (2 M)

t t
on Q; the injection V M Q T is the injection determined by the
inclusions V-.C Q and M C J and the V-outer actions on V and Q.

Proof. Write n € Z>, for the index of V' in Q;
Aut"(Q) € Aut(Q)

for the subgroup of Aut(Q) consisting of elements that induce automorphisms
of V', and, moreover, induce automorphisms on the set of the conjugacy classes
of cuspidal inertia subgroups of V. First, we note that since Inn" (Q) is an
open subgroup of Inn(Q) [cf. our assumption that V' is an open subgroup of @],
there exists an open subgroup M; C Aut(Q) such that M; NInn(Q) = Inn" (Q).
Next, we consider the set

0, {all open subgroups of @ of index n}.

Then since Q,, is a finite set [cf. our assumption that @ is topologically finitely
generated; [14], Proposition 2.5.1, (a)], the kernel — which we denote by My —
of the natural homomorphism

Aut(Q) — Sym(Q,)

is an open subgroup of Aut(Q). In particular, it follows immediately from the
various definitions involved that

Maue & My 0 Mz 0651 (J) (€ Aut(Q))
is an open subgroup of ¢C§1(J ) satisfying the following conditions:
(i) Mau NInn(Q) C Inn" (Q);
(i) Maw C AutV1(Q).
Write
def (ii) V] dv
My = Im(Mayt <= Aut' 1 (Q) — Aut(V) — Out(V));
e ¢
M Im(Mpy = AutV(Q) — Aut(Q) = Out(Q)):
My aw = Im(Maw = Aut(Q) — AutV)(Q)/In" (Q)).
Then we have a commutative diagram of profinite groups
Aut(V) —— AutV(Q) ——— Aut(Q)
lﬂi)v J{ J¢’Q

x)  Out(V) +—— AuwtV(Q)/Inn" (Q) —— Out(Q)

I I I

MV — MV,Aut —_— M.



— where the horizontal arrows in the third line are surjective [cf. the definitions
of My, M, My ay]. Now we verify the following assertion:

Claim 1.7.A: The horizontal arrows in the third line of the diagram
(%) are bijective.

Indeed, it follows immediately from the commutativity of the diagram

1 % Auw(V) —— Out(V) — 1
1 1% Aut"(Q) —— AutV(Q)/Im" (Q) —— 1,

together with the injectivity of Aut!V1(Q) — Aut(V) [cf. our assumption that
Q is slim; Remark 1.1.1], that Aut!"!(Q)/Inn" (Q) — Out(V) is injective, hence
that My aw — My is bijective. The injectivity of My awt — M follows imme-
diately from the above condition (i). This completes the proof of Claim 1.7.A.
In light of Claim 1.7.A, the assertions of Lemma 1.7 follow formally. 0

2 Computations of various (zalois centralizers

In the present section, by applying highly nontrivial “Grothendieck Conjecture-
type results” [cf. [9], Theorem A; [15], Theorem D] in anabelian geometry, we
compute various Galois centralizers. These computations will be applied in §3.

Definition 2.1 Let k be a field; k an algebraic closure of k; Z a hyperbolic curve
over k. Then we have an exact sequence of profinite groups

1—1Ilz — 1z — G — L.

We shall write pz : G, — Out(HZ?) for the outer representation determined
by the above exact sequence. Let ¥ C Primes be a nonempty subset. Then we
shall write

py G — Out(H%E)

for the outer representation induced by pz;
3 = g /Ker(llz, — 113).

Let p be a prime number. If ¥ = {p}, then we shall also write p, <ef pe.



Lemma 2.2. Let ! be a prime number; ¥ C Primes a subset such that |l € X;

n € Z>1 a Y-integer; K C Q a number field; Z C Pi\{0,1,00} an open
subscheme obtained by forming the complement of a finite subset of K-rational
points of PE\{0,1,00}. [In particular, Z is a hyperbolic curve of genus 0 over
K.] Write (IE% 2) Y — Zz (C ]P’}@) for the finite étale Galotis covering of Zg
of degree n determined by t — t";

def

Q 113, /Ker(I1F, — I}, ).

Then the following hold:

(i) We have a natural homomorphism

Outlc‘(HE@) — out/°l(Q).
(ii) Write p for the composite of natural homomorphisms

Gx % Out!“I(I13 ) — Out!“l(Q)
[cf. our assumption that all cusps of Z are K -rational]. Then it holds that
Zowielq)(Im(p)) = {1}.

(iii) Let
G Cc out'®l(Q)

be a closed subgroup such that G contains an open subgroup of Im(p). Then
G is slim.

Proof. We begin by observing that

the normal open subgroup H% C H%@ [determined by the finite étale
Galois covering Y — Z@] may be characterized as the normal open
subgroup topologically generated by the cuspidal inertia subgroups
of H%@ that is not associated to the cusps 0, co, and the [unique]
closed subgroups of the cuspidal inertia subgroups of H%@ associated
to the cusps 0, oo, of index n.

Then assertion (i) follows immediately from this observation, together with the
various definitions involved.

Next, we verify assertion (ii). Let o € Zgic1(q)(Im(p)) be an element. Then
it follows immediately from the above observation that any lifting € Aut(Q) of
o induces an automorphism of Hlyﬁ. Let 6 € Aut(Q) be a lifting of o such that

the automorphism &| m,_ € Aut(HlYQ) induced by & preserves the Hé/@—conjugacy
T

class of cuspidal inertia subgroups of Hlyﬁ associated to the cusp 1. Here, we note
that since & preserves the Q-conjugacy class of cuspidal inertia subgroups of @

10



associated to the cusp 0 (respectively, 0o), and the finite étale Galois covering
Y5 — Zg is totally ramified over the cusp 0 (respectively, co), it holds that

&|sz preserves the Hlyg—conjugacy class of cuspidal inertia subgroups of Hlyﬁ
- : ‘
associated to the cusp 0 (respectively, co). Write

oy I, ST
T q

for the outer automorphism determined by &|sz € Aut(Il}.). Observe that
@ 4

since the outer action of G, together with oy, on Hlyﬁ preserves the Hlyﬁ—
conjugacy class of cuspidal inertia subgroups of Hlyﬁ associated to the cusp 1, it
follows from our assumption that o € Zg,ici () (Im(p)) that oy commutes with
the outer action of Gk on Hlyg. Then it follows from the Grothendieck Conjec-

ture [cf. [9], Theorem A] that oy arises from a unique isomorphism f : Yz = Y
of schemes over Q. Note that since &\sz _ induces the identity automorphism on

the set of the Hlyﬁ—conjugacy classes of cuspidal inertia subgroups of Hlyﬁ asso-
ciated to the cusps 0, 1, oo, it holds that f induces the identity automorphism
on the subset {0,1,00} C P}@. In particular, we conclude that f is the identity
automorphism, hence that oy is the identity outer automorphism. Recall that
the automorphism &l € Aut(Hlyﬁ) is the restriction of & € Aut(Q). Thus,

since @ is slim [cf. [12], %roposition 1.4], it follows from Remark 1.1.1, that & is
an inner automorphism, hence that ¢ is the identity outer automorphism. This
completes the proof of assertion (ii).

Finally, we verify assertion (iii). Since every open subgroup of G contains
an open subgroup of Im(p), to verify assertion (iii), it suffices to show that
Z(G) = {1}. But this follows immediately from assertion (ii). This completes
the proof of assertion (iii), hence of Lemma 2.2. O

The following notion plays important roles in the present paper.

Definition 2.3 Let [ be a prime number. We shall say that a profinite group G
is almost Z; if there exists an open subgroup H C G such that H is isomorphic
to Z;.

Lemma 2.4. Let p be a prime number; ¥ C Primes a nonempty subset such
that p € X; k a finite field of characteristic p. In the notation of Definition 2.1,
suppose that Z is a hyperbolic curve of genus 0 over k such that all cusps of Z

are k-rational. Write p def p%. Then the following hold:

(i) Suppose that §(Primes \ ) is finite. Then the natural homomorphism
Aut(Zz) — Out(l’[%ﬁ) determines an isomorphism

Aut(Zg) = Zowmy ) (p(Gk))-

11



(ii) Suppose that either §5 = 1 or §(Primes \ X) is finite. Then, if we write
xz : Out/®l(113 ) — (Zz)X for the pro-3 cyclotomic character [which is
obtained by conksidermg the actions on the cuspidal inertia subgroups of
HEE/, then the natural composite

Zouﬂcw(ngi) (p(Gk)) € OUt‘cl(H%) 5 (Z7)"
18 injective.

(i1i) Let 1 be a prime number # p. Then ZOut(HlZE)(P(Gk)) is almost Z;.

Proof. First, we verify assertion (i). Write Outg, (H[ZZ]) for the group of H%F—

outer automorphisms of H[ZE] that lie over Gy [cf. Definition 2.1]. Then since
H%E is center-free [cf. [12], Proposition 1.4], it is well-known that the natural
homomorphism

Outa, (13") = Zows ) (P(Gr)

is an isomorphism [cf. [16], Lemma 7.1]. On the other hand, since Gy, is abelian,
it follows immediately from [15], Theorem D, together with the definition of
Out, (I, that

Aut(Z;/Z) = Outg, (T2,

where Aut(Z;/Z) C Aut(Z;;) denotes the subgroup consisting of automorphisms
of Zz that induce automorphisms of Z compatible with the natural morphism
Next, we verify the following assertion:

Claim 2.4.A: The inclusion Aut(Z;/Z) C Aut(Zy) is bijective.

Indeed, let o € Aut(Z3) be an element; o € G, (— Aut(Zz)). Then since Gy,
is abelian, it follows that
def -1 -1
¥ =o0coaoo Toa € Autg(Zy).
Next, we note that v induces the identity automorphism on the set of cusps of
Zz. Thus, we conclude that v = 1, hence that « induces a unique automorphism
€ Aut(Z) compatible with the natural morphism Z; — Z. This completes the

proof of Claim 2.4.A.
Thus, by applying Claim 2.4.A, we obtain a natural isomorphism

¢ : Aut(Z;) = ZOut(HE?) (P(Gk))-

This completes the proof of assertion (i).

Next, we verify assertion (ii). If §5 = 1, then the desired conclusion follows
immediately from the latter half of the proof of [13], Proposition 2.2.4. Thus,
we may assume without loss of generality that #(*Primes \ X) is finite. Write

12



Aut/®! (Z3) € Aut(Z;) for the subgroup of automorphisms of Z; that induce the
identity automorphisms on the set of cusps of Zz. Then ¢ induces a composite

AutlN(Zp) 5 Zouger g (p(Gr)) € Out'“I(IIZ ) 25 (Z%)%.

Observe that this composite factors as the composite of the natural injection
Aut‘cl(ZE) < Gy, with the pro-X cyclotomic character G, — (Z*)* [which is
injective — cf. [2], Théoréme 1]. Thus, we conclude that the natural composite

Zouelrg ) (p(G) € Outl (117 ) 5 (%)

is injective. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). We begin by observing that since the image
of the l-adic cyclotomic character Gy, — Z;° is infinite, it follows from [10],
Corollary 2.7, (i), that

ZOut(HlZz)(p(Gk)) = ZOutC(H’Z?) (p(Gr)).

Moreover, we observe that since Out!®! (HIZZ) is open in OutC(HlZﬁ), it holds that
Zowsieiar,_y(p(Gr)) is open in Zg,pe ) (p(G))- Thus, to verify assertion (iii),
® E
it suffices to show that Zg¢ici( y(p(Gk)) is almost Z;. On the other hand,
®

since p(Gy) is an infinite abelian group [cf. [8], Lemma 4.2, (iv)], we conclude
immediately from assertion (ii) that Zg oy _)(p(G)) is almost Z, as desired.

This completes the proof of assertion (iii), hence of Lemma 2.4. O

Remark 2.4.1 It is natural to pose the following question:

Question: In the notation of Lemma 2.4, (i), (ii), can the assump-
tions on the cardinality of the subset ¥ C Brimes be dropped?

However, at the time of writing the present paper, the authors do not know
whether the answer to this question is affirmative or not.

Lemma 2.5. Let [ be a prime number; K C Q a number field. In the notation
of Definition 2.1, suppose that k = K, and Z is a hyperbolic curve over K.
Then every open subgroup U C Im(plz) 18 nonabelian.

Proof. Let us recall that, since the image of the [-adic cyclotomic character
G — Z, is infinite, it holds that Im(pl,) is infinite [cf. [8], Lemma 4.2, (iv)],
hence that U is infinite. Write K’ C Q for the finite extension of K determined
by U. Suppose that U is abelian. Then since U € Zo 1, W)(U ), the centralizer

Zout(m,_)(U) is infinite. However, since Autg/(Zk-) is ﬁ;ite, this contradicts
Q

the Grothendieck Conjecture for hyperbolic curves over number fields [cf. [9],
Theorem A]. Thus, we conclude that U is nonabelian. This completes the proof
of Lemma 2.5. O

13



3 Strong indecomposability of the outer auto-
morphism groups of nonabelian free profinite
groups

In the present section, by applying the results obtained in §2, §3, we prove
the main results [cf. Theorem 3.2; Corollary 3.5] of the present paper.

Lemma 3.1. Let X C Primes be a nonempty subset; K C Q a number field. In
the notation of Definition 2.1, suppose that k = K, and Z is a hyperbolic curve

of genus 0 over K. Let
G C Out(IT3)

be a closed subgroup such that
e G contains an open subgroup of p3(Gr);

e there exists a prime number | € X3 such that the image of G via the natural
surjection [cf. [14], Proposition 4.5.4, (b)]

¢1 : Out(Ilz ) — Out (I )
18 slim;

o there exist normal closed subgroups G1 C G and Gy C G such that G =
Gl X Gg.

Then
(a) $1(G1) = {1} and G1 C outm(n%), or
(b) ¢1(G2) = {1} and G2 C ()ut\CI(H%)
holds.

Proof. First, by replacing K by a finite extension of K, we may assume without
loss of generality that p3(Gx) C G, and all cusps of Z are K-rational. Let p
be a maximal ideal of the ring of integers of K such that

e the characteristic of the residue field at p is not equal to [, and
e 7 has good reduction at p;

F € Gk a lifting of the Frobenius element at p. We shall write,
e for each i = 1,2, pr, : G — G; for the natural projection;

e J C G for the closed subgroup topologically generated by F', where we
note that J is isomorphic to Z;
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= p3(J) C Gy
o I Yo (N x {1} CGLxGa=G, I, ™ {1} x pry(I) C Gy x Gy = G.
Here, we note that, since I is abelian, it holds that
ICI x I, C Za(I),
hence that
(1) € di(11) - di(l2) © Zyy(c) (D)) C Zout(an@)(@(I))-

Moreover, we note that since Z has good reduction at p, it follows immediately
from the theory of specialization isomorphism, that

* Zoue(, y(¢i(1)) is almost Z; [cf. Lemma 2.4, (iii)], and
Q

o ¢;(I) is infinite [cf. [8], Lemma 4.2, (iv)].

In particular, it holds that ¢;(I7) is infinite, or ¢;(I3) is infinite. We may assume
without loss of generality that

¢1(I2) is infinite.
Observe that since Zoy ) (¢1(1)) is almost Z, it holds that ¢;(12) N ¢i(I) €

¢i(I) is an open subgroup\.< Then since G1 C Zg(Is), there exists an open
subgroup I C I such that

&1(G1) € ZOut(HlZK)(le(TI))'

Now suppose that ¢;(G1) is infinite. Then since ¢1(I) € Zoym, )(qbl(TI)),
Q

and, moreover, Zou )(qﬁl(TI)) is almost Z; [cf. Lemma 2.4, (iii)], it holds

Q
that ¢;(G1) N ¢i(I) C ¢i(I) is an open subgroup. On the other hand, since
Gy C Za(Gh), there exists an open subgroup I C 7T (C I) such that
d1(G2) € ZOut(Hl'Zﬁ)(d)l(iI))'
In summary, we have

P7(Gr) = di(p7(Gr)) C 4i(G) = Ai(Gr) - du(G2) C ZOut(HlZ@)((z)l(iI))'

Then since Zo )(d)l(if)) is almost Z; [cf. Lemma 2.4, (iii)], it follows that
Q

there exists an open subgroup U C plZ(G k) such that U is abelian, a contradic-
tion [cf. Lemma 2.5]. Thus, we conclude that ¢;(G1) is finite. Therefore, since
?1(G1) C ¢1(G) is a finite normal subgroup, it follows from our assumption that
¢1(G) is slim that ¢;(G1) = {1} [cf. Remark 1.1.1].
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Finally, we verify the inclusion Gy C Out!®! (H%@). Write x; : Out‘cl(l'[gﬁ) —

Z; for the l-adic cyclotomic character [which is obtained by considering the
actions on the cuspidal inertia subgroups of H%@]. Then since x;(I) is infinite,

it follows from [10], Corollary 2.7, (i), that
hxthmm%ﬂDgOm%H%)
Q

In particular, since ¢;(I1) C ¢(G1) = {1}, we have I C Out'cl(HE@) [cf. [10],
Proposition 1.2, (i)]. Thus, we obtain an inclusion

rchx i (c outll(iy ),
where we write Igcl “nn Out‘c|(H§@). Here, we observe that since x; factors
through [the restriction of] ¢; [on Out/C! (H%@)]7 it holds that

xiI) € (I (€ Zy),

hence that Xl([écl) is infinite. Therefore, we conclude from [10], Corollary 2.7,
(i), that
C
G € Zowmg ) (13") € Out®(I1Z ).

In particular, since ¢;(G1) = {1}, we have G; C Out'cl(HE@) [cf. [10], Proposi-
tion 1.2, (i)]. This completes the proof of Lemma 3.1. O

Remark 3.1.1 In the notation of Lemma 3.1, suppose that
c
GgOM'ﬁ%y

Then the second assumption on G [concerning the slimness of ¢;(G)] follows
automatically from the first assumption on G. Indeed, to verify the slimness of
¢1(G), by replacing K by a finite extension of K, we may assume without loss
of generality that Z is an open subscheme of P\ {0, 1,00} obtained by forming
the complement of a finite subset of K-rational points of P%\{0,1,00}. Then
the slimness of ¢;(G) follows immediately from Lemma 2.2, (iii).

Theorem 3.2. Let 3 C Primes be a subset such that either §3 = 1 or §(Primes\
Y) is finite; K C Q a number field. In the notation of Definition 2.1, suppose
that k = K, and Z is a hyperbolic curve of genus O over K. Let

G C Out(11})

be a closed subgroup such that
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e G contains an open subgroup of p3(Gk);

e there exists a prime number | € X such that the image of G via the natural
surjection [cf. [14], Proposition 4.5.4, (b)]

o Out(H%@) — Out(I1 @)
s slim.
Then G is strongly indecomposable.

Proof. We begin by observing that every open subgroup I' of G contains an
open subgroup of p% (G ), and, moreover, ¢;(I') is slim. In particular, to verify
Theorem 3.2, it suffices to prove that G is indecomposable. If 3 = 1, then the
indecomposability of G follows immediately from Lemma 3.1. Thus, we may
assume without loss of generality that

£(Primes \ ) is finite.

Next, by replacing K by a finite extension of K, we may assume without loss
of generality that p2(Gg) C G, and all cusps of Z are K-rational. More-
over, we may assume without loss of generality that Z is an open subscheme
of P1\{0,1,00} obtained by forming the complement of a finite subset of K-
rational points of P}\{0,1, cc}.

Suppose that there exist normal closed subgroups G; C G and G3 C G such
that

G = G1 X GQ.

We shall write,

e for each Y-integer n € Z>1, (IP’}@ 2) "Yg — Zg (C P}@) for the finite étale
Galois covering of Z@ of degree n determined by ¢ — t";

def
L Qn,l =
o Gy - Outl®l(I1Z ) — Out!®l(Q,;) for the natural homomorphism [cf.
Lemma 2.2, (i)].
Note that 1Y@ = Zg, and Q1 = HZZ@.
Next, let us observe that, by applying Lemma 3.1, we may asuume without
loss of generality that

H%@/Ker(ﬂgy6 — Hfly@);

o1(G1) ={1} and G, C Outlc‘(Hgﬁ).
In particular, we have a direct product decomposition

G = 61 x Gy (c outl9l(m3)),

where we write GI€I % G Out/“I(113 ); G q, Out/“I(113 ).
Z5 2 Z5
Next, we verify the following assertion:
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Claim 3.2.A: For any Y-integer n € Z>1, it holds that ¢, ;(G1) =
{1}.

Indeed, let H C G‘C|, Hy C Gy, and Hy C GLC‘ be normal open subgroups such
that

.H:H1XH2;

e there exists an injection H — Out‘cl(Hgy,);
q

out out
e there exists an injection Ilny, X H < Iz % GI€l [cf. [12], Proposition
1.4] that is compatible with the inclusions between respective subgroups
H%y@ - H%@ and quotients H C GIC!

[cf. Lemma 1.7]. Then it follows immediately from Lemma 3.1; Remark 3.1.1,
together with [12], Proposition 1.4, that ¢, ;(H1) = {1} or ¢, (H2) = {1}.
Suppose that ¢, ;(Hz) = {1}. Here, we note that since lel = HZZ@, it
holds that ¢; factors as the composite of ¢, ; with the natural homomor-
phism Out/°l(Q,.;) — Out‘cl(HlZ;). In particular, ¢;(H2) = {1}. Then our
assumption that ¢;(G1) = {1} irflplies that ¢;(G1 x Hy) = {1}, hence that
&1(p5(Gk)) (C ¢1(G)) is finite. This is a contradiction [cf. [8], Lemma 4.2,
(iv)]. Thus, we conclude that ¢, ;(H1) = {1}, hence that ¢, ;(G1) is finite.
Therefore, since ¢, 1(G1) C ¢5,1(G) is a finite normal subgroup, it follows from
the slimness of ¢,, ;(G) [cf. Lemma 2.2, (iii)] that ¢, ;(G1) = {1} [cf. Remark
1.1.1]. This completes the proof of Claim 3.2.A.

Write xs : Out|C|(H§@) — (Z®)* for the pro-X cyclotomic character [which
is obtained by considering the actions on the cuspidal inertia subgroups of H%@].
Then it follows immediately from Claim 3.2.A that

x=(Gr) = {1}.
For each p € 3, write
b(py  OUt(IT3 ) - Out(H%{p})

for the natural surjection.
Next, we verify the following assertion:

Claim 3.2.B: There exists a finite subset S C X such that, for each
p € X\ S, it holds that ¢,y (G1) = {1}.

Indeed, let p be a maximal ideal of the ring of integers of K such that

e the characteristic — which we denote by p — of the residue field at p is
contained in Y, and

e 7 has good reduction at p;
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F € Gk a lifting of the Frobenius element at p. We shall write,
e for each i = 1,2, pr, : G - G; for the natural projection;

e J C G for the closed subgroup topologically generated by F', where we
note that J is isomorphic to Z;

def

o 1= p3(J) € Gl

def

o I ¥pr (D) x {1} C Gy x G = GI€ I, & {1} x pry(I) € Gy x GIFT =

GI°l.
Then since [ is abelian, it holds that
ICIi xI, C Zg\c\(I).

Then it follows immediately from Lemma 2.4, (ii), together with the theory of
specialization isomorphism, that our assumption that xx(l1) C x=(G1) = {1}
implies that ¢,y (/1) = {1}. In particular, ¢,y (I) C ¢,y (I2). Thus, since
xx(G1) = {1}, and G1 C Zg(I2), we conclude from Lemma 2.4, (ii), together
with the theory of specialization isomorphism, that ¢, (G1) = {1}. Observe
that there exists a finite subset S C ¥ such that Z has good reduction at any
maximal ideal of the ring of integers of K that lies over a prime number € X\ S.
Therefore, we obtain the desired conclusion. This completes the proof of Claim
3.2.B.

Finally, if we write ¥’ % Brimes \ 3, then, in light of the injectivity of the
composite

Out(IT}_) — 11 Out((I3 )@ 5 J[ Out(r; )
; pEPrimes\ (X’'US) N pEX\S h

[cf. Lemma 1.3; the fact that §(X’ U .S) is finite], we conclude from Claim 3.2.B
that G; = {1}, hence that G is indecomposable. This completes the proof of
Theorem 3.2. O

Remark 3.2.1 Tt is natural to pose the following question:

Question: In the notation of Theorem 3.2, can the assumption on
the cardinality of the subset ¥ C Primes be dropped?

However, at the time of writing the present paper, the authors do not know
whether the answer to this question is affirmative or not.

Corollary 3.3. In the notation of Theorem 3.2, suppose that G is slim. Then

5 out . .
HZ@ X G is strongly indecomposable.
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Proof. First, since H%@ is center-free [cf. [12], Proposition 1.4], we have an exact
sequence of profinite groups

ut
IHHE@—H'IZ@OM G—G—1.

Thus, since G is infinite, we conclude from Theorem 3.2, together with [8],

out
Proposition 1.8, (i); [12], Proposition 1.4; [12], Proposition 3.2, that H%@ x G
is strongly indecomposable. This completes the proof of Corollary 3.3. O

Lemma 3.4. Let m > 2 be an integer; ¥ C Primes a nonempty subset; F,, a
free profinite group of rank m. Then Out(FZ) is slim.

Proof. First, we consider the case where m = 2. In this case, we claim the
following assertion:

Claim 3.4.A: There exists a closed subgroup H; C Out(F>) (respec-
tively, Hy C Out(FZ)) such that for every open subgroup Hj C H;
(respectively, Hy C Hs), it holds that

Zowrz)(Hy) =2 &3 (respectively, Zowyrz)(Hs) = Z/27).

Indeed, write C; for the projective line minus {0,1,00} over a number field
K; C Q. Let (E,{o}) be an elliptic curve [where o is the origin of E] over a
number field Ky C Q such that the j-invariant of (E,{o}) is not equal to 0
or 1728. Write Cy for the hyperbolic curve over K3 obtained by removing {o}
from E. In particular, [as is well-known] for any finite extension K; C L; (C Q)
(respectively, Ky C Ly (C Q)), we have

Autr, ((C1)r,) 2 63 (respectively, Auty,((Co)r,) = Z/27).

Thus, since [by applying the Grothendieck Conjecture for hyperbolic curves over
number fields — cf. [9], Theorem A] we have a natural isomorphism

Autr, ((C1)r,) = Zoucm(zcl)@)(Pgl(GLl))

(respectively, AutL2 ((CZ)LQ) = ZOut(Hf:CZ)@) (pgz (GLz )))7

we conclude that the image of pg, (Gk,) (respectively, pg, (Gk,)) via any iso-
morphism Out(H(Ecl)@) 5 Out(FX) (respectively, Out(H(ECQ)@) 5 Out(FR))
determines the desired subgroup. This completes the proof of Claim 3.4.A.

Let us recall that to verify Lemma 3.4, it suffices to show that for every
normal open subgroup N C Out(F2), we have

Zous(rz)(N) = {1}.
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Now suppose that Zoyyrz)(N) # {1}. Then since

Zouwrz)(N) € Zowrs)(HiNN) N Zowrs)(Ha N N)
C Zowrs)(HaNN) =7Z/2Z

[cf. Claim 3.4A], we have

Zowrz)(N) = Zowrs)(HiNN) N Zowrs)(Ha N N)
= Zout(pﬁ)(HQ n N) = Z/?Z

Thus, since Zoug(pz)(N) is normal in Out(F3) [cf. our assumption that N is
normal in Out(F},)], we conclude that Zoups)(Hi N N) (= &3) [cf. Claim
3.4A] admits a normal subgroup of order 2, a contradiction. Therefore, we have
Zoue(rz)(N) = {1}. This completes the proof of Lemma 3.4 in the case where
m = 2.

Next, we consider the case where m = 3. In this case, we claim the following
assertion:

Claim 3.4.B: There exists a closed subgroup H; C Out(F>;) (respec-
tively, Hy C Out(F2)) satisfying the following conditions:
e For every open subgroup H{ C H; (respectively, H) C Hs), it
holds that
ZOut(F,%)(H{) >~ 7/27 x 1./27
(respectively, Zoyy(rs)(Hy) = Z/2Z).

e For any | € X, every nontrivial element a1 € Zouy(rz)(H7) (re-
spectively, the [unique] nontrivial element as € Zouy(rz)(H3))
induces a Z;-automorphism @; (respectively, @s) of

(F)™

such that the rank of the Z;-submodule C (F!,)®P consisting of

elements € (F!)*" fixed by @y (respectively, @) is 1 (respec-

tively, 0).
Indeed, write Cy for the projective line minus {0, 1,3, 00} over a number field
K; C Q. Let (E,{o}) be an elliptic curve over a number field Ky C Q such
that the j-invariant of (E,{o}) is not equal to 0 or 1728, and that F has a
non-4-torsion Ks-rational point x. Write Cy for the hyperbolic curve over Ky

obtained by removing {z,—x} from E. In particular, [as is easily verified] for
any finite extension K7 C L; (C Q) (respectively, Ko C Lo (C Q)), we have

Auty,, ((C1)p,) 2 Z/2Z x Z.J]27  (respectively, Auty,((Ca)r,) = Z/27)

[cf. the fact that the Q-automorphism “[—1]" of Eg [of order 2] preserves the set
{z, —x}; the fact that if a nontrivial element f € Autg(Eg) satisfies f(z) = =,
then f coincides with the map

z22r— 2
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on the set of Q-rational points of Eg, so f(—x) # —a].

Let a; be a nontrivial element € Auty, ((C1)r,) that induces an automor-
phism s € Sym({0,1,3,00}) of the set of cusps {0,1,3,00}. [Here, we note
that s may be written as the product of the transposition of two distinct el-
ements € {0,1,3,00} and the transposition of the other two distinct elements
€ {0,1,3,00}.] Write o for the [unique] nontrivial element € Auty,((C2)L,).
Then it follows from the well-known structure of the étale fundamental group
of a smooth curve over an algebraically closed field of characteristic 0 that if we
identify (Hl(cl)@)ab (respectively, (Hl(cz)@)ab) with the [free] Z;-module

({ao, a1, as, aco | ao+ ai + as + as = 0)')*

(respectively, ((b, ¢, dy, d_y | dp +d_, = 0)1)2P)

— where we write (—)! for the pro-l completion of (—); a, (respectively, ds)
corresponds to the cusp o € {0,1,3,00} (respectively, o € {x,—x}); b corre-
sponds to a meridian of the “complex torus E(C)”; ¢ corresponds to a longitude
of E(C) — then «a; (respectively, as) induces the Z;-automorphism

)ab

ay (Hl(cl)@)ab S (e )™ a0 = ag0), a1 Gg(1), a3 = g(3); Goo = Qy(c0)

Q
(respectively,

Qy : (Hl(@)@)b‘b = (Hl(c2)@)ab; b —b, ¢ —¢, dp—d_y, d_p — dy).
Now one verifies easily that the rank of the Z;-submodule C (Hl( Cl)@)ab (re-
spectively, C (HI(CQ)@)ab) consisting of elements € (Hl(Cl)@)ab (respectively, €
(Hl(cz)@)ab) fixed by @ (respectively, @z) is 1 (respectively, 0). Thus, Claim
3.4.B follows from a similar argument to the argument applied in the final por-

tion of the proof of Claim 3.4.A.
In light of Claim 3.4.B, for every open subgroup N C Out(F>), we have

Zouwrz)(N) € Zowrs)(HiNN) N Zowrz)(H2NN) = {1}.

This completes the proof of Lemma 3.4 in the case where m = 3.

Finally, we consider the case where m > 4. In this case, by considering
the hyperbolic curve C' over a number field K C Q obtained by removing
{ri,72,... ,"ms1} — where r; are distinct rational numbers — from ]P’}( such
that Autg(Cq) = {1}, it follows from a similar argument to the argument ap-
plied in the final portion of the proof of Claim 3.4.A that:

Claim 3.4.C: There exists a closed subgroup H C Out(F>) such that
for every open subgroup H' C H, it holds that

Zowrzy(H') = {1}.

In light of Claim 3.4.C, the slimness of Out(F>) [where m > 4] follows imme-
diately. This completes the proof of Lemma 3.4. O
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Remark 3.4.1 Lemma 3.4 in the case where m > 4 also follows immediately
from [6], Theorem A.

Corollary 3.5. Let m > 2 be an integer; ¥ C Primes a subset such that either
12 =1 or #(Primes \ X) is finite; Fy, a free profinite group of rank m. Then
Aut(FZ) and Out(FY) are strongly indecomposable.

Proof. The strong indecomposability of Out(F>;) follows immediately from The-
orem 3.2 and Lemma 3.4. The strong indecomposability of Aut(F2) follows
immediately from Corollary 3.3 and Lemma 3.4. This completes the proof of
Corollary 3.5. O
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